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Normalization and Convergence
Acceleration for Indirect

Optimization Methods

S. D. WILLIAMS*
Lockheed Electronics Company, Houston Aerospace

Systems Division, Houston, Texas

THE mathematical descriptions of various optimal physical
processes can be formulated as two-point boundary value

problems.1'2 In recent years, there has been a vigorous
effort in defining the mathematical process and refining the
solution techniques.3 To determine the optimal trajectory
of a continuously thrusting space vehicle, the differential
equations of motion are usually nonlinear and, hence, require
numerical techniques for obtaining a solution. The methods
used are classified as either indirect methods (based on the
conditions necessary to achieve mathematical optimality) or
direct methods (which use only the differential equations
governing the state and the specified boundary conditions).
In both methods, successive changes in the initial solution are
made in an attempt to satisfy the boundary conditions while
extremizing a performance index. In this discussion, only
indirect methods are considered.

Previously, only two factors were considered to affect the
convergence characteristics of the indirect methods: the
numerical integration procedure and the correction procedure
that modified the unknown boundary conditions. Now, it
is shown that the region in which the initial data are em-
bedded can also have a significant effect upon the rate of con-
vergence for an iteration process and the size of the con-
vergence envelope.
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Fig. 1 Convergence envelope for MPF, final time optimal.

Computational Range
Much literature for solving problems on a computer is de-

voted to techniques for improving stability and reducing the
effect of round off and truncation. The equations used are
not restricted to a numerical reference frame, whereas the
computer used to solve or express these equations is con-
strained to a fixed word length. The most suitable interval
for performing arithmetic operations is the interval [ — 1,1].
This may be stated more formally as follows.

Theorem 1. The unit interval [0,1] is more dense than any
other unit positive interval for a fixed word length computer.
That this is the case can be seen immediately if we consider
that the computer has a mantissa represented by m bits and
an exponent has e bits. Then the unit interval [0,1] has
2m+e~i different numbers or representations as an upper
bound, whereas the interval [a, a -f- 1] would have 2m~n -+- 1
numbers, where the representation for a requires n bits,
n > 0. As a direct corollary, we have:

Corollary 2. The most dense biunit interval on a computer
is the interval [ — 1,1].

The direct implication that we would like to make is that
the more bits we have to represent a number the more accurate
the representation is. This leads to the following result:

Lemma 3. Let A and B be two computer words of length
m and n, respectively, where m > n. Then a number can be
represented more accurately in A than in B.

This lemma can be proved by considering the error between
the two representations for an unending fraction. By choos-
ing "nice" numbers the error can be the same, but for all
other numbers the error is reduced by using the greater word
length.

Normalization of the State Data
In solving problems on a computer, the units of measure-

ment which are convenient in terms of physics or engineering
may not be convenient for accuracy, as was shown in the pre-
vious section.

A convenient choice of normalized units for an Earth-Mars
orbital transfer by Tapley and Lewallen3 was the unit mass as
the mass of the space vehicle, unit length as the Earth's
orbital distance from the sun, and initial velocity as unity
which established a time quantity and made the gravitational
constant unity. This choice yields the fundamental quanti-
ties as mass, length, and velocity; all other units are derived
from these.

Optimization Problem
In general the optimization problem can be stated as

follows: determine the trajectory of the variables that are
capable of controlling a dynamic system such that the func-
tional

ftf 8(x,u,t)dt
J to

(1)
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is extremized subject to the constraints, fi(#0,fo) = 0, \l/(xf,tf)
= 0, and x = f ( x , u , t ) , where 12 is a p vector of initial con-
straints; \f/ is a # vector of terminal constraints; and x is the
set of n first-order, nonlinear differential equations that de-
scribe the trajectory, x is a state vector, u is an m vector of
variables that control the trajectory; t is time; and subscripts
0 and/ represent initial and final values.

In the formal process of determining the extremal value of
Eq. (1), the constraints are usually adjoined by Lagrange
multipliers, and the new functional to be extremized is

- x)]dt (2)

where v and /z are constant Lagrange multipliers and X is a
time dependent Lagrange multiplier.

The first necessary conditions for an extremum of Eq. (2)
may be derived by taking the first variation of / and setting
it to zero. When this is done, several transversality condi-
tions must be satisfied, in addition to those already men-
tioned. At times tQ and tf are :

(3)

(4)

(5)

) = 0, l>r + Px]t,dx0 = 0
t(xf,tf) = 0, [P, - \T]tfdxf = 0

[Pt + H]tfdtf = 0
where P(z0,z/,W/) = <t>(xo,xf,tf) + vTQ(xo,tv) + fJLTt(xf,tf),
and H(x, \jUjt) = 6 + X7/. In addition, the equations that
must be solved everywhere along the trajectory are

(6)

For a local minimium to exist, we also require

Huu > 0 (7)

The optimization problem is usually now reduced to a
two-point boundary value problem. The multipliers v and IJL
are usually eliminated from the boundary conditions, and the
control variables are usually eliminated from the first two
equations in Eqs. (6) by use of the third equation. The
problem then becomes

= F(z,0 (8)

with boundary conditions, g(zo,t0) = 0, h(zf,tf) = 0, which
specifies p initial boundary conditions and q + 1 terminal con-
ditions, p + q = 2n.

In the usual methods used to obtain a numerical solution
to the two-point boundary value problem, an initial estimate
is made for the q unknown elements of z0 [these usually cor-
respond to the Lagrange multipliers in Eqs. (6)] and t/. In
general, convergence h(zf,t/) = 0 will not be achieved. Thus,
to achieve convergence, changes must be made for the un-
known quantities in ZQ and £/.3-4

Normalization of the Lagrange Multipliers

Hestenes2 has shown that the Lagrange multipliers in Eq.
(2) exist and are unique. It is not difficult to show that if
Eq. (2) is mapped by the transformation F:I -+• I'/a, where a is
some positive constant, the two problems are equivalent. If
the choice for a is made to be |XZ-0| where Xt-0 is the initial value
of the ith Lagrange multiplier, then one of the terminal
boundary conditions can be exchanged for an initial condi-
tion.

This transformation then serves several purposes. It places
the Lagrange multipliers into a more desirable computational
region; it reduces the dimensionality of the problem to be
solved, and it requires one less integration of the perturbation
equations

(9)

which are used in determining corrections in the initial esti-
mates for the q unknown parameters in Eq. (6). Breakwell5

normalized the Lagrange multipliers in solving an interceptor
problem as did Jazwinski6 and McGill and Kenneth7 in solving
an Earth-Mars orbital transfer problem; however, no justifi-
cation was given for its use.

The primary difficulty encountered when attempting to
normalize the Lagrange multipliers is in assigning the proper
sign to the multiplier, i.e., ±1. Care must also be taken to
choose a multiplier that does not vanish initially. These
problems usually can be resolved satisfactorily by examining
the transversality conditions in Eqs. (3-5).

Discussion of the Numerical Results

The minimum time Earth-Mars transfer problem may be
stated as follows: Determine the control history 7(0 such
that a spacecraft may transfer from initial conditions corre-
sponding to those of Earth to terminal conditions correspond-
ing to those of Mars in minimum time.

The differential equations of motion are

x, = u. = v2/r - GM/r2 + (T/m) sin7

Xz — v = —uv/r -j- (T/m) cosy

where u, v, r, and 6 are the radial velocity, tangential velocity,
radial position, and angular position, respectively; the control
variable 7 is the thrust orientation to the local horizontal;
GM is the gravitational constant of the sun; and m = mQ —
mt is the vehicle mass.

When the optimization process is applied, 7 is eliminated
and four additional equations (Euler-Lagrange equations) are
to be satisfied ;

X2

X3

X4

= 02/r2 - 2<7M/r3)X! -

= 0

(l/r)X4

(uv/rz)\2

The optimality condition Hy = 0 leads to

shry = X1/[±(X1
2 + X^)1/2] and COST - X2/[±(\i2 + X2

2) l /2],
and from HJ7 > 0 for a minimum, the minus sign is chosen for
the radical.

The Earth-Mars time optimal orbital transfer is completely
defined when the initial Lagrange multipliers and tf have been
determined; X4o is determined to be zero. In an effort to
measure the sensitivity of a method to the initially assumed
values, a number of cases have been investigated. Two in-
direct methods were used to solve numerically the orbital
transfer problem: the Method of Perturbation Functions
(MPF)3 and the Modified Quasilinearization Method
(MQM).8 The MPF requires assumed values for the La-
grange multipliers and requires final time for the first iteration;
the MQM requires an assumed solution in addition to those
parameters.

The numerical results of the sensitivity study are best il-
lustrated by building envelopes of convergence (Fig. 1), the
boundaries of which are illustrated by the last convergent
trial. Attempts beyond this region do not result in a con-
verged solution and are represented by the shaded region.
The percentage numbers on the axes represent the percent
deviation in the initial trial values from the initial values
which yield an optimal solution. For simplicity, only one
correction procedure was used, the normal correction proce-
dure (NCP).4

Three different convergence envelopes were generated for
both MPF and MQM: 1) the initial state data and the La-
grange multipliers wTere normalized (SMN), 2) the initial
state data were normalized (SNO), and 3) the initial Lagrange
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Fig. 2 Convergence envelope for MQM, final time optimal.

multipliers were normalized (MNO). It was unnecessary to
consider a case with no normalization since this information
could be inferred from the other three cases. In all cases,
the value for the final time chosen initially was optimal as
was the value for X4o. The Lagrange multipliers were
normalized by X3o, and the optimal value for X3o was used for
the case when only the initial state data were normalized.
For the unnormalized initial state data, an M-K-S system of
units was used.

If the initially assumed values (Fig. 1) of Xi0 and X2o cor-
responding to different trial trajectories are presented such
that Xi0 is the abscissia and X20 is the ordinate, a convergence
envelope is formed about the optimal values of Xi0 and X20.
The coordinates for the envelopes are the deviations in per-
cent from the optimal values of Xi0 and X2o.

Figure 1 illustrates the envelopes of convergence for MPF
for the SMN, MNO, and SNO cases. It is seen that normal-
izing the state data reduces the number of iterations required
to achieve convergence, but does not effectively change the
size of the convergence envelope. By contrast, normalizing
the multipliers not only reduces the number of iterations re-
quired to achieve convergence, but also increases the size of
the convergence envelope. Normalizing both the state data
and the multipliers produces the most favorable results.
Figure 2 presents similar envelopes of convergence for MQM.
The trend for MQM is the same as for MPF; however, the
convergence envelope for the SNO case is slightly larger for
MQM than for MPF. This is apparently the result of estab-
lishing an effective metric to be used as a convergence criteria
for MQM. The initial reference solution used for MQM was
the nonlinear differential equations. The physical signifi-
cance of the convergence envelopes for SMN and MNO cases
is explained in detail in Ref. 3.

Normalizing the state and the multipliers caused an in-
crease in size of the convergence envelope by a factor of 700%
for MPF and over 300% for MQM. In addition, the com-
putational efficiency was improved by about 50% in terms of
the number of iterations required for convergence, and a 20%
reduction in computer time per iteration was achieved by not
integrating the additional perturbation vector.

Conclusions

The computational advantages of embedding the initial
data into the interval [ — 1,1] have been investigated for the
indirect methods of trajectory optimization. The normaliza-
tion of both the state data and the Lagrange multipliers pro-
duced the most significant results, and normalizing only the
multipliers gave more favorable results than normalizing only
the state data.

Based on the results of this investigation, normalizing the
state data and the multipliers is a significant step toward re-
ducing the sensitivity of the initially assumed parameters for
convergence characteristics of the indirect optimization
methods. This improvement combined with a more sophisti-
cated correction scheme greatly improves the possibility of

convergence in one computer run. In addition, this nor-
malization takes full advantage of the numerical procedure
and could be used with equal success for direct methods.
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Simplified Technique for Estimating
Navigational Accuracy of
Interplanetary Spacecraft
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nology, Pasadena, Calif.

THE principal way to determine the position and velocity
of a spacecraft on an interplanetary trajectory is by ob-

serving the Doppler shift in a coherent, two-way radio signal
between Earth tracking stations and the spacecraft. By com-
bining observations over a period of time, it is possible to esti-
mate the trajectory of the spacecraft with considerable ac-
curacy. It is also possible to estimate the navigational ac-
curacy that might be obtained on potential missions by per-
forming statistical studies with real-time orbit determination
programs, but the process is very costly and time-consuming,
largely because of the requirement to integrate the equations
of spacecraft motion.

Attempts have been made to model the planet-spacecraft
geometry by means of perfect hyperbolic motion, and while
reasonably successful in reproducing the near-planet trajec-
tory geometry, this approach has not been adequate to model
the "transitional" phase of the trajectory, where the sun and
the planet significantly affect the motion of the spacecraft.
Much important tracking data are taken during this period,
and experience has shown that a trajectory model that as-
sumes perfectly hyperbolic spacecraft-planet motion fails to

Received August 13, 1969; presented as Paper 69-899 at the
AIAA/AAS Astrodynamics Conference, Princeton, N. J., August
20-22, 1969; revision received October 6, 1969. This paper
represents one phase of research carried out at the Jet Propulsion
Laboratory, California Institute of Technology, under Contract
NAS 7-100, sponsored by NASA.

* Manager for Mission Analysis and Engineering, Viking
Orbiter Office.

I Member of Technical Staff, Systems Analysis Section.


